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The quantized canonical space-time coordinates of a relativistic point
particle are expressed in terms of the elements of a complex Clifford al-
gebra which combines the complex properties of SL(2.C) and quantum
mechanics. When the quantum measurement principle is adapted to the
generating space of the Clifford algebra we find that the transition prob-
abilities for twofold degenerate paths in space-time equals the transition
amplitudes for the underlying paths in Clifford space. This property is
used to show that the apparent non-locality of quantum mechanics in a
double slit experiment and in an EPR type of measurement is resolved
when analyzed in terms of the full paths in the underlying Clifford space.
We comment on the relationship of this model to the time symmetric
formulation of quantum mechanics and to the Wheeler-Feynman model.
1 Substructure of the Canonical Space- Time
Coordinates
The fact that half-integer spin representations of the Lorentz group are realized
in nature indicates that space-time is not the primary space for the geometrical
description of particles. More specically, as pointed out by Penrose [1], the fact
that dierent spatial directions of a spin-one-half particle correspond to dier-
ent complex linear combinations of the two quantum states suggests that there
is a direct connection between the structure of space and the need for complex
state vectors in quantum mechanics. Taken together, considerations like these
point to the existence of a substructure of space-time which combines the com-
plex properties of the Lorentz group and quantum mechanics. Substructures of
space-time have been discussed in Schwartz and Van Nieuwenhuizen [2] and in
Borchsenius [3, 4, 5].
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To determine the nature of such a complex substructure of space-time we
shall use the canonical quantization of a relativistic point particle as a model.
We shall adopt Dirac’s method in which space and time are treated on an equal
footing, both being regarded as functions of a parameter-time τ . Reparametriza-
tion invariance imposes a constraint which can be used to dene a Hamiltonian
together with a set of canonical variables. The quantization results in a set of
hermitian canonical space-time coordinates, the components of which satisfy
Xµab (τ) = X
µ
ba(τ) (1)
These components transform under a Lorentz transformation in the index µ and
under a unitary change of basis in Hilbert space in the indices a and b. To bring
out the complex properties of the Lorentz group, we make use of the connection






V AB˙, V AB˙ = σAB˙µ V
µ (2)






exhibits two hermitian properties, one related to SL(2.C) and the other to the
unitary group in Hilbert space. To nd a substructure of X corresponding to
these two groups, we observe that the components (3) form a hermitian matrix




As shown in the appendix, any hermitian matrix can be expressed in terms of
the elements of a complex Cliord algebra according to (42). For the canoni-
cal space-time coordinates (4) this implies that there exists a complex Cliord




fCAa , CB˙b g, fCAa , CBb g = 0 (5)
The complex linear space which generates the Cliord algebra, and to which
the C‘s belong, we shall call Cliord space, and we shall refer to its elements as
Cliord coordinates, borrowing from space-time terminology.
To write (5) in abstract form we shall adopt the following notation. The
components CAa which transform like a right-handed two-component spinor in
the index A and as a ket vector in the index a shall be written as
>
CA where the
ket on top is used to distinguish it from a quantum operator and an ordinary





y performs both the complex involution of the Cliord algebra and the quantum
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ψ shall be dened as
f>χ,
<




χg def= fψa, χag (6)
that is, we adopt the convention that the order of the ket- and bra vector in the
rst term in the commutator determines whether both terms are direct products












CBg = 0 (7)
X and
>
C can be expressed in terms of a complete set of eigenstates jxri and
their eigenvalues
Xµ = jxµr ixµr hxµr j (8)
>
CA= jxµr icAr , cAr def= hxµr j
>
CA (9)
When these expressions are inserted into (7) we obtain
1
2
fcAr , cB˙s g = δrsxAB˙s , fcAr , cBs g = 0 (10)
Hence the eigenvalues of X are determined by a set of mutually orthogonal
elements cAr of the Cliord algebra. To make our discussion more transparent
we shall refer to these elements as ‘eigenvalues’ and write the eigenstates jxri
as jcri.
By use of (7) we obtain the expression for the expectation value of X in the
state jsi












(12) are the Cliord coordinates corresponding to the expectation value of the
space-time coordinates. Applying (9) they become
cA = hsjxricAr (13)
The relationship of this equation to the expression for the expectation value of
the space- time coordinates
xµ = jhsjxrij2xµr (14)
can be described as a linear extraction of the quantum amplitudes as a complex
substructure of the probabilities, and of the Cliord coordinates as a complex
3
substructure of the space-time coordinates. If, conversely, we had sought a
substructure of space-time which had the quantum amplitudes as a linear space
of weights as in (13), we would have been led to something of the nature of the
orthogonality relations (10).
In the continuum limit X has a Continuous spectrum, and in the coordinate







fcA(x), cB˙(x0)g = xAB˙δ(x − x0), fcA(x), cB(x0)g = 0 (16)
(16) generates an innite dimensional Cliord Algebra of a type well known
from the Algebra of creation and annihilation operators for a Fermi eld.
2 Degenerate Space-Time Paths and Transition
Amplitudes





The stability of Cliord space under SL(2.C) implies that there are at least two
values of the Cliord coordinates, c and −c, which correspond to the same space-
time coordinates x. The well known degeneracy of SO(1.3) transformations with
respect to SL(2.C) transformations is hereby extended to space-time itself. To
understand the consequences of this degeneracy property it is helpful rst to
look at the simplest classical paths. Because of reparametrization invariance
the classical equations of motion
δ
∫ p
_x2dτ = 0 (18)
have the semi-line solution
xµ(τ) = aµ + bµτ2 (19)
which of course is incomplete. Since the eigenvalues of Xµ can potentially
attain any values in Minkowski-space, it follows from (10) that any two space-
time vectors can be produced by a pair of mutually orthogonal elements of the
Cliord algebra. This implies that (17) has the solution
cA(τ) = aA + bAτ (20)
1
2
faA, aB˙g = aAB˙, 1
2
fbA, bB˙g = bAB˙, faA, bB˙g = 0 (21)
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which is a straight, complete path in Cliord space. Since
1
2
fcA(−τ), cB˙(−τ)g = 1
2
fcA(τ), cB˙(τ)g = xAB˙(τ) (22)
it follows that this complete path reproduces the space-time path (19) twice,
making it twofold degenerate. Hence, viewed from Cliord space there exist
complete paths which have either a beginning or an end in physical time. In
the following we shall assume that it is always the rst possibility which applies
and that the starting time lies so far back as to put it under the provision of
cosmology.
Let us turn to the corresponding quantum mechanical problem. Because of
the hermicity property (4) we can suppress all indices in the canonical space-time
coordinates XAB˙ab and write them as the hermitian matrix X . Correspondingly
we write CAa as the vector
>
C. We consider an analytic solution X(τ), τ  0 to
the equations of motion and show that there exists an analytic solution
>
C(τ) to
(7) which reproduces X(τ) twice. Making use of reparametrization invariance,
we can reparametrize X(τ), τ > 0 to depend on τ2 only. X(τ) can therefore be
expanded in even powers of τ according to
X(τ) = X0 +X2τ2 +   +X2nτ2n +    (23)







C (τ)g = X(τ) (24)






C1 τ +   +
>











Cig = 0, i = 1, 3, . . . (26)





















Ci) = X2n, n = 2, 3, . . . (28)
where the hermitian term φ2n(
>
Ci) depends only on coecients
>
Ci of order lower
than 2n − 1. Assuming that the expansion point τ = 0 can be chosen so that









C1, n = 2, 3, . . . (29)
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C(τ)g = X(τ) (30)
as the classical solution (20) and therefore reproduces X(τ) twice.
After having used the special parametrization (23) and (25) of X and
>
C to
demonstrate the existence of a double covering solution to (24), we are now free
to use any other parametrization. However, for the sake of convenience, we shall
in the following refer to a parametrization where opposite values of parameter
time τ correspond to the same value of X as in (30).
The measurement principle in quantum mechanics says that the (abstract)
state vector is constant in time as long as no measurement is being performed.
After a measurement has been performed the state vector is replaced by the
eigenvector of the measured quantity for subsequent times (‘state vector reduc-
tion’). This measurement principle applies equally well to Dirac’s parameter-
time formalism when ‘time’ is taken to be a parameter-time with the same
direction as our τ2 in the foregoing. Recognizing the primary character of Clif-
ford space, we shall instead assume that the reduction of the state vector takes
place in the positive direction of τ itself which therefore comes to represent the
true direction of causality:
Measurement Principle. The state vector of the particle is constant
in parameter-time τ as long as no measurement is being performed.
When the particle is measured to be in the eigenstate jxP i of X the
state vector is replaced by jcP i = jxP i for parameter-times τ > τP
where cP is an ‘eigenvalue’ of
>
C (τP ) and cP and
>
C (τP ) satisfy
1




C (τP )g = X respectively
Using a convenient terminology we shall say that the Cliord position of the
particle has been measured to be cP at τ = τP . The measurement principle
respects the fact that since the interaction-Hamiltonians used for measuring
space-time positions depend only on
>
C through X , the state vector reduction
in Cliord space should also be dened trough X and its eigenvalues. In the
following we shall explore the consequences of this principle.
Let the space-time position of the particle have been measured to be xQ.
From (30) and (10) it follows that
>
C(τ) satises the criteria in the measurement
principle at two parameter-times τ = τQ. Let us call the corresponding ‘eigen-
values’ for cQ+ and cQ−. Hence the state vector will be jcQ−i and jcQ+i (both
equal to jxQi ) right after τ = −τQ and τ = τQ respectively. If no measurement
is being performed between τ = −τQ and τ = τQ the particle will arrive at
τ = τQ in the state jcQ−i. Since after τ = τQ the state is jcQ+i, the transition
amplitude is hcQ−jcQ+i = hxQjxQi = 1. Therefore the measurement principle is
self-consistent as long as no measurement is being performed between τ = −τQ
and τ = τQ. Let us now assume that such a measurement is being performed,
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resulting in the space-time position xP corresponding to the Cliord positions
cP at τ = τP respectively, where τP < τQ. The transition amplitude for the
particle to pass from cQ− through cP− and cP+ to cQ+ is
hcQ−jcP−ihcP+jcQ+i = jhxP jxQij2 (31)
and therefore equals the transition probability for the particle to move from
xP to xQ. We conclude that the space-time transition probabilities arise as
transition amplitudes for the complete paths in Cliord space.
Note that viewed from space-time it appears as if there are two amplitudes,
one moving forward in time from xP to xQ and the other moving backwards
in time from xQ to xP . This resembles the situation in the time symmetric
formulation of quantum mechanics by Aharonov and Vaidman [6], Costa de
Beauregard [7], and Werbos [8]. In the present model the two state vectors
of time symmetric quantum mechanics are recognized to be one and the same,
propagating along a path which covers the space-time path twice. The use
of parameter-time in our model is necessitated by the secondary character of
physical time, but it has the added advantage of ensuring manifest Lorentz
invariance.
The present model should also be compared to the so-called ‘double space-
time interpretation of quantum mechanics’ Bialynicki- Birula [9], inspired by
Schwinger’s time loop integrated amplitudes. The main problem in this inter-
pretation is how to join the two space-time sheets at innity to allow a particle
to travel along a single path on the two sheets.
The choice of taking the causal direction of state vector reduction to be
in the positive direction of parameter-time τ rather than of ‘ane time’ τ2
strongly suggests that the same should apply to the direction of propagation
of classical elds. The following heuristic observation shows that this is not
necessarily inconsistent with experience. If in the Cliord path (20) we vary aA
so as to let aµ describe a spacelike region (‘the early universe’), then the union
of paths for τ  0 and for τ  0 form regions Ω− and Ω+ of Cliord space
which correspond to the same space-time region. For the eld to propagate
in the positive direction of τ we should choose the advanced eld on Ω− and
the retarded eld on Ω+. The contribution to the electrodynamical action in
the proper-time interval [τ21 ; τ
2

























Aret)e _x dτ2 (32)
The test particle will therefore detect the eective eld to be the time symmetric
half- advanced plus half-retarded eld. Assuming complete absorption and no
self-interaction Wheeler and Feynman [10] have shown that this time symmetric
eld leads to the conventional rules of electrodynamics.
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3 Interpretation of Non-locality
Consider a particle which travels in space-time from a point P to a point Q and
is forced to travel trough two alternative points S1 and S2. This corresponds to
the double slit experiment with the two slits being opened at given times. As
follows from our foregoing discussion the particle can follow four alternative sets
of paths in Cliord space corresponding to the the four sequences of positions
in Cliord space ordered according to parameter time:
cQ−, cSi−, cP−, cP+, cSj+, cQ+, i, j = 1, 2 (33)
The amplitude for the particle to travel from cQ− to cQ+ is the sum of the




= jhxP jxS1ihxS1 jxQi + hxP jxS2ihxS2 jxQij2 (34)
which is the well known probability for the particle to travel from P to Q.
The customary interpretation of this transition probability is that there are
two alternative paths and that the transition probability is the sum of the
probabilities for each path plus two interference terms which seem to signal a
non-local influence of one path on the other. From (34) we see that there are
really four dierent sets of paths and that the two interference terms are the
amplitudes for the two sets of paths where the particle goes through each slit at
opposite parameter times. The apparent non-locality can be entirely attributed
to the twofold degeneracy of the space-time paths.
If we measure the position of the particle at one of the slits, say S1, then
according to our measurement principle the particle has to travel through both
cS1− and cS1+ or neither of them, and this excludes the two sets of paths where
the particle passes through both slits. This removes the interference terms in
accordance with the space-time view of quantum mechanics. This analysis is
readily extended to a many-slit experiment by observing that all interference
terms arise from pairs of slits.
As the second example of non-locality we shall consider an EPR type of mea-
surement. Consider a composite system (PQ) consisting of two spin 12 particles
P and Q. First the position and the total spin of the composite system is mea-
sured to be x(PQ) and 0. After this measurement P and Q become separated by
a spacelike distance and their position and spin along some axis are measured to
be xP and 12 and xQ and − 12 respectively. The last two measurements appear
to be correlated despite the spacelike separation of P and Q, giving thereby the
impression of ‘action at a distance’. However, according to our measurement
principle, the position measurements, and together with them the spin measure-
ments, each correspond to two measurements in Cliord space at opposite values
of τ . If the measurements of x(PQ), xP and xQ correspond to parameter-times
τ = τ(PQ), τ = τP and τ = τQ respectively, then the sequence of events
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for negative τ can be described as follows. First at parameter-times τ = −τP
and τ = −τQ the spin along some axis of P and Q are measured to be 12 and− 12 respectively. At the later parameter- time τ = −τPQ > −τP ,−τQ, P and
Q merge into a composite system (PQ) and the total spin is measured to be 0 .
We would not object to this last sequence of events because it suggests no corre-
lation between the spacelike separated states of P and Q. Rather, it suggests an
obvious correlation between the states of P and Q on the one hand and the state
of the composite system (PQ) on the other, which invokes no need for ‘action
at a distance’. Nevertheless these two sequences of events, corresponding to op-
posite values of τ , together form a single series of events in the causal direction
of state vector reduction in Cliord space and are both the result of the same
space-time measurements on a degenerate space-time path. They are therefore
on an equal footing and we conclude that it has no absolute meaning to say if
the spin-measurements on P and Q are correlated or independent. Accordingly,
the apparent manifestation of ‘action at a distance’ loses its signicance.
A Appendix. Clifford Algebras and Hermitian
Quadratic Forms
A real Cliord algebra arises naturally as the ‘square root’ of a real quadratic
form Q on a linear space V :
v2 = Q(v), v 2 V (35)
Q can have any signature (N+, N0, N−) . In case Q is degenerate (N0 6= 0), the
algebra contains Grassmann elements. When v is expanded on an orthogonal
basis ei of V it follows that (35) is satised if
1
2
fei, ejg = δijQ(ei) (36)
The basis ei generates the Cliord algebra. Consider now a quadratic form Q
with signature (2N+, 2N0, 2N−). We can rearrange the generators ei into two
sets ai and bi, i = 1, . . . , N which when normalized satisfy
1
2
fai, ajg = 12fbi, bjg = δijQ(ai), fai, bjg = 0 (37)
ai and bi can be used as ‘real’ and ‘imaginary’ parts to dene the complex
quantities
fj = aj + i bj (38)




ffi, fj g = δijQ(ai), ffi, fjg = 0 (39)
where  is any complex involution induced by a self-involution in the real algebra.
The algebra generated by fi is a complex Cliord algebra.
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For any hermitian quadratic form H on a linear space V there exists a
complex Cliord algebra generated by V which satises
1
2
fv, vg = H(v), v 2 V, v2 = 0, v 2 V (40)
The proof follows by expanding v on an orthogonal basis fi of V . (40) is seen
to be satised if
1
2
ffi, fj g = δijH(fi), ffi, fjg = 0 (41)
which is recognized to be the generating algebra of a complex Cliord algebra.
Expressed in matrix language, (40) implies that any hermitian matrix Hij can




fvi, vj g, fvi, vjg = 0 (42)
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